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in front of the single-layer and double-layer potentials is replaced by 1/(2a),
where a is the angle subiended by the corner.

26.5 Derive the fundamental solution to the biharmonic equation (2.6.28).

26,6 Using the second Green's identity derive the boundary integral equation
(2.6.32).

2.6.7 Verify that the Green's functions (2.6.29) and (2.6.30) satisfy the boundary
conditions G = 0 and VG -n = ( over the corresponding bounding surfaces.

2.6.8 Show that Yo-a= —(1/u)VP-t, where n and t are the unit normal and unit
tangent vectors with respect to a line in a flow.

269 Verify that (2.6.35) provides us with two solutions of the biharmonic
equation.

2.7 Unsteady Stokes flow

Turning now our attention to unsteady Stokes flow, .we consider the
time-transformed non-dimensional unsteady Stokes equation (1.6.9), and
repeat our previous analysis for steady flow. Recall that, for convenience,
we dropped the primes indicating non-dimensional variables and
incorporated the effect of the body force into the modified pressure. Under
these simplifications, we find that the Green’s functions of unsteady Stokes
flow represent solutions of the continuity equation and the singularly
forced unsteady Stokes equation

. (V2 —AYu=VP —gd{x —X,) 2.1.1)
where g is a constant vector.

The unsteady Stokeslet

To compute the frec-space Green's function, we follow a procedure similar
to that outlined in section 2.2. Thus, we substitute (2.2.1), (2.2.2}, and (2.2.4)
into (2.7.1) to obtain

(VP -A)H = - L : (2.17.2)

4xr
where r =|R], 8 = x — x,. Using (2.2.1) we find that H is the fundamental
solution of the modified bibarmonic equation V}(V? — A1) H = (x — x,):
1

. 4nAR
where R = Ar. Substituting (2.7.3} into (2.2.4) we derive the velocity field
due to an unsteady point force in the standard form

1

u{X, Xg) = rm uR)g, (27.4)

H=

(1—e™® (2.13)

$
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FLfR) = ._Ec@ + anw E.u_

is the unsteady Stokeslet. The functions A(R) and B(R) are defined as

a1 1N 2 p 14343} S
A=2e A_.T...m+m&im =—2e A_+=+zu +~~N
(2.7.6)

It will be noted that A(0) = B(0) = 1, suggesting that at small frequencies
or close to the pole, the unsteady Stokeslet reduces to the regular mno_.nnu_.on
for steady. flow. To examine the asymptotic limit of small frequencies in
more detail, we expand & in a Taylor series for small 4 obtaining

L=F+AF + B+ S 2.7.10
where &0 is the steady Stokeslet, and

. 1 2.2
Fh=—28, Fi= MT_,? - I.H.Q #iy= 0y - 22) @79

It will be useful to note that &* represcnts streaming nosw.

To examine the behaviour of the Green's function at high values of 4
or far away from the pole, we expand & in an asymptotic series for large
R obtaining

N %C. %n&h lh %—.- %—%@V
H|I.!|I .l.ll..,+ Nq.w
-.‘q PNA ﬁu + u.u + Nﬁ r HU , A _

In order to ensure that & vanishes at infinity, we require that the real par
of 1 is positive. We note that the expression in the first parenthesis on
the right-hand side of (2.7.9) is the steady potential dipole; this suggest:
that at high frequencies or large distances, the unsteady Stokeslet produce:
irrotational flow (see section 7.2).

The vorticity, pressure, and stress fields associated with the unstead,
point force are given by

1 1 1

- = = 2.7.10
o= 3 .9.«9... P mq_..shh a._s. . a8 A _
where a
p&"NﬁC—WmOIHAz + —w AN.Q.——.
Di= WWm AN.Q.#M

F
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and .
2
T = = 500t + 820l ™R +1)~ B}~ 2,241 ~ B

_ N»&&
r

[5B—-2e " ®R+1)] (2.7.13)

When the domain of flow is infinite, all £, p, and T are required to decay
to zero as the observation point moves far away from the pole.

The pressure vector p and stress tensor T are two acceptable unsteady
Stokes flows representing a point source and a stresslet respectively (sec
section 2.2 and also (2.1.14) and (2.1.15)). The pressure matrix I cor-
responding to the stresslet will be discussed in problem 2.7.6.

It will be instructive to consider the surface force on a spherichl surface
that is centered at the unsteady point force. After some algebra we find

113, 22,
= = — ..I.R —a .
\‘m qmua'q Wﬁﬁﬁu wa._l u..-. Rhﬂv Q.m AN 7 HA.V

where the functions K(R) and L(R) are defined as
K=2[B-e ®R+1)] L=2[e"*R+1)—1-3B) (2.7.15)
and the function B was given in {2.7.6). One may show that K{0) =0 and
L(0}= — 6, consistent with out previous results for steady Stokes flow.
Using (2.7.14) we find that the force exerted on the spherical surface is
given by
F=}GK+Lg=—-4[2""R+1)+1]g (27.16)
We note that the force acting on a small sphere of infinitesimal radius is
equal to —g, whereas the force on a sphere of infinitely large radius is

equal to —3g. The difference between these two values is equal to the
rate of change of momentum of the fluid that surrounds the point force.

The boundary integral equation

To derive a boundary integral equation for unsteady Stokes flow, we
follow the procedure outlined in section 2.3. In this manner, we derive
(234), (2.3.11), and (2.3.13) for points in the exterior; interior, and on the
boundary of the flow. The properties of these equations are similar to
those of the corresponding equations for steady flow discussed in the
preceding sections. It is worth noting, in particular, that the boundary
integral equation for unsteady flow may be simplified by eliminating either
the single-layer or the double-layer potential as discussed in section 2.3
{see problem 2.7.4). The pressure field is given by the boundary integral
representation (2.3.17). The pressure matrix IT of the free-space Green’s
function will be discussed in problem 2.7.6.
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It will prove useful to examine  the asymptotic behaviour of :.M
boundary integral equation at smali values of the ?.B:ou&.. vﬁwﬂﬁﬂ. -
Following Williams (1966b), we expand the Green's ?Ea:.u: G ?” ”Mn_
for simplicity we identify with the unsteady Stokeslet .3 Ema its umuoo_w
stress tensor T in a Taylor series with respect to A, as indicated in (2.7.7).
Furthermore, we expand the boundary surface force f and the vo—_:aud.
velocity u in Taylor series with respect to 4, as _..um=+= +Hm
u=u’ + iu! + Av? + ... s Substituting these expansions into .@.w.muv an
collecting terms of zero, first, and second order in A we obtain

1 v
W2(xo) = — 1 ._. ) FRF X)) + - . U (X) T (X, Xo)ny(x) dS(x)

aa @27.17)
)= F3 = = 4 | SH0 B x0) 500
+ mw “{ u (T X)mx)dS(x)  (27.18) |
and ) ~
it~ Lp =~ L [ prstinxgasta— [ st imsadse)
o .,_wi W) T (%, X)) dS(R)
+ Mpql_" ga_u :wc...v H@*A%. Xo)n,(x)dS{x) {2.7.19)
where .
| _.,.u‘_.un.&. 4=0,1,2... - @120)

is the force acting on the boundary D. Prescribing the boundary ..a_on_a.
renders (2.7.17), (2.7.18), and (2.7.19) a system of Fredholm E—.Momﬂh .
equations of the first kind for the boundary surface forces 7, 17,
2

mumr“.u._ specific application of the above equations, io.nwn&nn_.. En. flow
due to the transtational or rotational vibrations mn a rigid .E:domn in an
infinite fluid. Neglecting the integrals at infinity and imposing the
boundary conditions u® =V + £ x x and =_.H == o.o: the m_:.m.u“oo
of the particle, where V and 2 are the translational and _.oﬁco__.ﬂ_ velocities
of oscillation, we obtain two integral equations for f° and ', namely

V) + el = Jw e x0) 4500 E.N:
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and

1

_
- mmﬁ. ~ " m_.\ 1 (X5 (x, X,) dS(x) (21.22)

where S is the surface of the particle. It will be i
solution of (2.7.21) in the form Fonvenient o express the
= _—g"v_-g*0
) . 27.23)
where ¥ and ¥* arc ._.omvonzco_w the steady translational and steady
rotary surface force resistance matrices introduced in (1.4.6) and (1.4.11).

Using (1.4.18) and (1.4.19) we find that th
i e steady fo
exerted on the particle are given by y force and steady torque

. FO=-X-V-P-Q, L°=-P'V-YQ {2.7.24)
where X, P, P, and Y are the steady force and steady torque resistance

_n=w~=8m. Q.uBﬂumnm the last four B.wmmoum it becomes evident that the
rst corrections to the surface force, force, and torque are given by

1 1
Hu = T, L —— . -

9,@ F° = T X-V+P-Q)) (2.7.25)

1 1
H.n =—A" = oe—— A -

o X-F° X(X-V+P-Q)) (2.7.26)

and
L! ..I|I~|mv.. = 1 P
Fo=— ‘X-V+PQ) (2.7.27)

Remarkably, we find that the first-ord i
‘ A . ~order corrections may be co
directly from the resistance matrices for steady flow. ’ mputed

Problems

271 Verify that as R tends to zero, the vorticity and stress tensors £2 and T

defined in (2.7.11) and (2.7.13) red ors &
and 2.2.1) ( ) reduce to those for steady flow given in (2.2.9)

u.q..m The Laplace transform of the velocity field due to ﬂ_...o impulsive point force
88(x ~— x0)8(¢ — to) where g is a constant, is given by

T .
pcﬂauﬂ u(R)g) th

where & = x —x, and & is the unstead i
. . y Stokeslet with A? = 5. To compute
the long-time behaviour of the flow we use the expansion (2.7.7) n:&nﬂ

1
Ak s) = m_”.m\uﬁu +s'1 SR + L YR + LR+ g, @)

Swirling flow 1

Inverting (2) show that the long-time behaviour of the flow is described by

1 3 ...
w1 = prae _HI 17+ ﬂm\w_ac + OANVgS ki]

Note that equation (3) finds application in the computation of the long-time
decay of the angular velocity autocorrelation function of a rigid Brownian
particle (Hocquart & Hinch 1983).

27.3 Show that the generalized Faxen relations discussed in section 2.5 apply
also for ungteady Stokes flow (Pozrikidis 1989a). :

2.7.4 Show thatan unsteady Stokes flow with a prescribed constant velocityu=U
on the surface Sp of a body may be represented in terms of a single-layer
potential as -

u(xg)= — w_ls.— L£i(x) — A2V -xn(x)]Gy{x, X0) d5{x) 0]
Sr

27.5' The Green's function for two-dimensional unsteady flow may be derived in
a procedure analogous to that described in section 2.6. The results may be
expressed in. terms of the fundamental solution of the two-dimensional
Heimholtz equation (Stakgold 1968, Vol. 10, p.265). Derive the two-
dimensional unsteady Stokeslet and show that in the limit of small 4, it
reduces to the steady Stokeslet.

2.7.6 'Using the results of section 7.5 show that the cquivalent of (2.2.13} for
unsteady flow is ’

mwaxulsinwlqwm
r

Mafx ) =23

2.8 Swirling flow

In section 2.4 we developed a simplified boundary integral representation
for flow in an axisymmetric domain. In this section we wish to develop
an even more simplified representation for swirling flow produced by the
axial rotation of an axisymmetric body. An exampie is the flow produced
by the axial rotation of a spheroid whose major axis is aligned with the
centre line of a cylindrical tube. Admittedly, a swirling flow may be treated
within the general framework of the boundary integral equation for flow
in an axisymmetric domain. It will be useful and instructive, however, to
pursue an independent derivation based on the simplified equations of
flow (see section 1.2), .

First, we consider steady swirling flow. In section 1.2 we saw that the
swirl £2=ou, satisfies the equation E*2=0, where u, is the azimuthal
component of the velocity and the operator E? was defined in (1.2.25).
The boundary conditions require that on the surface of the body u, = Wo
or 0 = Wa?, where W is the angular velocity of rotation.



