MATH-112   DUPRE'  PRACTICE TEST 3
ANSWERS (S 2008)
                                     FIRST NAME__________LAST NAME_______________________

                                                  
(PRINT IN LARGECAPITALS)
(PRINT IN LARGER CAPITALS)

DATE: 16 APRIL 2008
ANSWERS SHOULD BE CORRECT TO THREE SIGNIFICANT DIGITS

We are trying to use 5 different variables, X1, X2, X3, X4, and X5, to predict blood pressure in a population of giraffes.  These are respectively: height, weight, shoulder height, and age.  We have data from 100 giraffs and find the coefficient of determination is .81.  The standard deviation of the blood pressure data was (when treated like a population) 5.   When the shoulder height and age are left out, the coefficient of determination drops to .75.
1.
What is the SSE?

2.
What is the SSY?
3.
What is the F-score for this regression data (use equation on page 557 in text)?

4.
If shoulder height and age are left out do we lose any significant prediction power of our model?  (Here use the modification of the previous F-score by replacing the numerator R^2/k with the numerator (R^2-S^2)/2, where S^2 is the coefficient of determination for the reduced model.)
FORM QUIZ DATE:  2 APRIL 2008 


Suppose that X is length and Y is weight in a population of fish.  Further, suppose that we have taken a sample of 6 fish, put the data into the TI-calculator and find sample mean of x is 28, with standard deviation (sigma)=3.1, the sample mean of y is 53, with standard deviation (sigma)=3.2, from the 2-var stats, and from the lin reg(a+bx) we find that a=30, b=.8,  and r=.8.

NOTE:  Here the values of a and b given in the problem must be wrong as using the values for the means and standard deviations given as well as the value r=.8, we find that b=.8258064516 and a=29.87741935.  Thus the values given in the problem for a and b are only correct to one significant digit.  In the answers below I will give, where relevant,  both the answers using a=30, b=.8, and the answers using the corrected values of a and b.

Begin this process by storing 3.1 in location X and 3.2 in location Y in the calculator.

1.
What is the number of degrees of freedom we use for the t-distribution in computing margins of error here?



Df=n-2=6-2=4  



You might store this in location D for simplicity.

2.
What is estimate of the standard deviation of the sample correlation coefficient r? (store this in location R in your calculator)



SQRT((1-R^2)/(n-2))=SQRT(.09)=.3

3.
What is the estimate of the standard deviation of the error over root n?



(store this in location E in your calculator)



(standard dev of y)(answer to 2)=Y*R=.96

4.
What is the estimate of the standard deviation of the sample regression slope b? (store this in location B in your calculator)



(answer to 3)/(standard dev of x)=E/X=.3096774194

5.
If we have a new fish with length 32, what is its z-score?



(store this in location Z in your calculator)



z=(32-28)/(3.1)=4/X=1.290322581

6.
If we use the regression line from the sample data, what should our optimum guess, w, of the weight of this new fish be?


Using a=30 and b=.8 should guess 30+.8*32=55.6


Using the correct values for a and b we should guess 




53+(.8*3.2)z=56.30322581

7.
What is the estimate of the standard deviation of w?



(store this in location W in your calculator)



(answer to 3)(SQRT(1+Z^2))=E*SQRT(1+Z^2)=1.567163573

8.
What is the estimate of the standard deviation of y-w, where y is the weight of the new fish (this weight being unknown to us)?


(store this in location V in your calculator)



(answer to 3)(SQRT(n+1+Z^2)=E*SQRT(7+Z^2)=2.825880688

9.
What is the t-statistic for confidence intervals with 95% confidence and for 4 degrees of freedom?


(store this information in location T in your calculator)



tC=2.7764

10.
What are the margins of error in b,w, and y?



(that is, what are T*B, T*W, and T*V?)


T*B=.8597883871


T*W=4.351072944


T*V= 7.845775143

Incidentally, to compare the margin of error for the weight of the fish of length 32 with the margin of error you would have if you did not use the fact that the fish is known to have length 32, you could do the problem over using r=0.  You would then have .5 sored in location R instead of .3, which would give 1.6 stored in location E instead of .96, which in turn would now give T*(1.6)SQRT(7) as the margin of error which is 11.7530623, quite a bit larger margin of error for guessing the fish weight.  Of course, without using the fish length you guess the fish to weigh 53 pounds, as that is the sample mean (r=0 implies b=0 which implies the regression line is just horizontal with all values= 53).


Suppose that we are using height Y to predict weight W in a population of adult people.  Suppose that Cov(Y,W)=36 and the standard deviation in height is 3.  Suppose that the average height is 68 inches and the average weight is 165 pounds.  Suppose that the correlation coefficient between height and weight is .6.

1.
What is the true slope of the regression line?_______36/(3*3)=4____

2.
What is the true regression intercept?______165-4*68= -107_________________

3.
What is the standard deviation in weight for this population?___36/(.6*3)=20___
4.
What is the expected squared error in using the true regression equation to predict a person’s weight from the person’s height?







_____(1-.6*.6)*20*20=.64*400=256___


Suppose now we have a different population of adult people and we know that the average height is normally distributed with mean 68 inches with a standard deviation of 3 inches, but the weights are only known to be normally distributed.  This means the errors in prediction with any regression line assumed will be normally distributed.  Suppose that we take a representative sample of 100 people from the population with sample mean height 68 inches and  sample population standard deviation 3, and we measure the 100 peoples weights pairing that information with height in two lists in a TI-83 calculator.  We perform the two variable statistics and find that the sum of the squared heights is exactly what is expected from the mean and standard deviation, but find that the sum of the products of height times weight is 1139100 and the sum of the weights is 16700.  We also find that the sum of the squares of the weights is 2828000.  Here use X for height and Y for weight.
5.
What is Sxx?______3*3*100=900__(just what is expected)__

6.
What is the average of the products of height times weight?_1139100/100=11391

7.
What is the average weight in the sample?_____16700/100=167_____

8.
What is Sxy?___100*(11391-167*68)=3500____
9.
What is the estimated regression slope?  ___Sxy/Sxx=3500/900=35/9=3.8888…

10.
What is the estimated regression intercept?__167-68*35/9= -877/9= -97.444…

11.
What is the average squared weight?___2828000/100=28280____
12.
What is Syy?_____100*(28280-167*167)=39100______
13.
What is the sample population variance in weight?__39100/100=391__

14.
What is r?_____Sxy/SQRT(Sxx*Syy)=3500/SQRT(900*39100)=.5900086937__
15.
What is the square of r?____.3481102586_____________

16.
What is 1-r2?_______.6518897414_____________

17.
What is SSE?______( 1-r2)*Syy=25488.8888….

18.
What is MSE?______260.0907029__________

19.
What is MSE/Sxx?____.2889896699_________

20.
What is SQRT(MSE/Sxx)?____.5375775943____

21.
What is the MARGIN OF ERROR for 95% confidence interval for the true regression slope?


ANSWER:  Use the t-interval in the TEST MENU of the statistical menu.  Use the stats option and for sample mean (x-bar) put 0, for sample standard deviation (s) put SQRT(99*MSE/Sxx) which from the previous problem is .5375775943*SQRT(99).  For n put 99 because the calculator here thinks degrees of freedom is n-1 and we need n-2 dgrees of freedom and our n is 100 so our n-2 is 98. For C-Level put .95, the level of confidence expressed as a decimal.  The result is (-1.067, 1.0668) which means that the margin of error is MofE=1.0668.  This is approximately 1.07 and this means that we are 95% confidant that the true regression slope is 35/9 plus or minus 1.07 or somewhere between 2.82 and 4.96, with 95% confidence.

22.
What is the significance of our data (or the P-value of our data) as evidence that the true regression slope exceeds 3?

ANSWER:  Here we need to calculate the t-score of our data as if the actual true regression slope is 3, the value assumed in the null hypothesis (we are trying to prove it exceeds 3 so that is the alternate hypothesis).  Denoting this t-score of our data by td, we know it is a value of the t-distribution for 98 degrees of freedom and is calculated as 




t=[(35/9)-3]/SQRT(MSE/Sxx).  
Of course this is the same as (8/9)/(.5375775943)=8/(9*.5375775943)=1.653508067.  Using the tcdf in the distribution menu we find that P(t > td)=tcdf(1.653508067, 1000, 98)=.0507137322.   Thus .0507 is the P-value or significance of our data here.  This is fairly significant evidence that the true regression slope exceeds 3, since .0507 is near zero.
23.
What would be the prediction for the weight of a person 65 inches tall based on our regression line computed from this data?


ANSWER:  From above problems, we have   a= -877/9 and b=35/9, so our prediced weight for this person should be a+65b=(35*65-877)/9=466/3=155.333….=155and(1/3).
24.
What is the variance we should expect when using this as an estimate for what the true regression line would predict? What is the standard deviation estimate?

ANSWER:
We know that the random variable regression slope is B=Sxy/Sxx with y variable and Var(B) is estimated as MSE/Sxx with 98 degrees of freedom.  The regression intercept variable A  is also determined by B and the sample mean weight denoted Yav, through the formula  A=Yav –B(xav)=Yav-B*68. Here, xav denotes the sample mean of the heights.  The main thing to keep in mind is that Yav and B are uncorrelated and therefore here independent.  Our prediction as a variable is A+B*65=Yav+(65-68)B =Yav-3B.  Therefore we have

Var(A+65B)=Var(Yav)+9Var(B)=(1/100)MSE+9*(MSE/Sxx)=MSE*[(1/100)+9/Sxx].


Therefore in our problem, the variance in our prediction as it would vary from sample to sample would be estimated as (260.0907029)*[.01+(9/900)]=(260.0907029)*(.02)=



5.201814058.


This leads to the standard deviation estimate=2.280748574.

25.
What is the 95% confidence interval for the true prediction that the true regression line would give based on our data?


ANSWER:  Use the t-interval in the calculator TEST menu from the stat menu.  Choose the stats option and for sample mean report 0, for sample standard deviation report s=2.280748574*SQRT(99),  for n report 99 again as above, and for C-Level put our level of confidence expressed as a decimal, .99.  The readout gives 




(-4.526, 4.5261)


and this means that the margin of error is 4.5261, so our confidence interval for what the true prediction would be if we could use the true regression line is



155and(1/3) plus or minus 4.526 with 95% confidence,


which is to say the true regression line we are 95% sure would have given a value somewhere between 150.807 and 159.859.

26.
What is the variance in our prediction error as it varies from sample to sample?  What is its estimated standard deviation?

ANSWER:  The prediction error is R(65)=Y(65)-(A+B*65)=Y(65)-Yav+(65-68)B.  Keep in mind that all observations of Y are independent.  That is, if a new person from the population is selected with height 65, then nothing in the data tells us what his weight is beyond the regression line giving us a guess.  This means that we can consider that Y(65) is independent of all our previous data and hence independent of Yav and B.  Therefore,



Var(R(65))=Var(Y(65))+Var(Yav)+9*Var(B)=E(R^2)*[1+(1/100)+9/Sxx],


and as E(R^2) is estimated as MSE, we find that the variance estimate is therefore



MSE*[1+(1/100)+9/Sxx]=260.0907029*1.02=265.292517.


The square root of this is therefore the standard deviation estimate based on our sample data, and again the variance has 98 degrees of freedom.  This means, taking the square root, the standard deviation estimate is finally 16.28780271.

27.
What is the MARGIN OF ERROR
  for the 95% confidence interval for the actual weight of a person whose height is 65?


ANSWER:  Here again, we use the t-interval in the TEST menu of the stat menu.  Choose the stats option and report sample mean zero and for s put



 16.28780271*SQRT(99)


for n put 99, and for C-Level put .95.  The readout gives



( -32.32, 32.323)


which means that the margin of error in our prediction for 65 inch tall persons actual weight is about 32.32 pounds.  This means that finally, the persons weight is between 155and(1/3)-32.323 and 155and(1/3)+32.323 with 95% confidence.


Suppose that U,W,X,Y are unknowns or random variables, and that Cov(U,Y)=4, Cov(W,Y)= -6, and Cov(X,Y)=7.  Suppose also that Cov(U,X)=8 and Cov(W,X)=9. Calculate

1.
Cov(3U+4W-2X,Y)=3*4+4*(-6)-2*7=12-24-14= -26__

2.
Cov(2U-3W,4X-Y)=2*4*8+(-3)*4*9+2*(-1)*4+3*(-6)=64-108-8-18= -70____

3.
Cov(Y-4X,2U-3W)=2*4-4*2*8-3*(-6)+4*3*9=8-64+18+108=70___


OR NOTICE Cov(Y-4X,2U-3W)= -Cov(2U-3W,4X-Y)= -(-70)=70

4.
Cov(4X-Y,3W-2U)= Cov(Y-4X, 2U-3W)=70___
5.
Suppose that U,W,X,Y are unknowns or random variables all having the same standard deviation=3, and that U+W+X+Y=20, for sure, always.  Suppose that the covariance of any two of these unknowns is the same, and suppose we give it the symbol b.  Therefore, Cov(W,Y)=b and Cov(X,Y)=b and Cov(U,W)=b, and so on.  Find the value of b.

Notice that 0=Cov(20,U)=Cov(U+W+X+Y,U)=9+3b and therefore, b= -3.

6.
Let X and Y be independent unknowns with X having only possible values  2,4,5 with probabilities .3,.5,.2, respectively, and Y having only possible values 1,3,6 with probabilities .1,.6,.3, respectively.  Give all the possible values for X+Y and their probabilities.


The characteristic polynomial for X is E(t^X)=(.3)t^2+(.5)t^4+(.2)t^5, whereas the 
characteristic polynomial for Y is E(t^Y)=(.1)t^1+(.6)t^3+(.3)t^6.  The characteristic 
polynomial for X+Y is the product of these two polynomials and is found to be (using 
rectangular array to multiply makes it easier to keep track of all the terms)


E(t^(X+Y))=(.03)t^3+(.23)t^5+(.02)t^6+(.3)t^7+(.21)t^8+(.15)t^10+(.06)t^11.


This means that the possible values of X+Y are 3,5,6,7,8,10,11, with probabilities,

respectively, .03,.23,.02,.3,.21,.15,.06.


Suppose that X is a random variable with mean 70 and standard deviation 10.  Suppose that T is the total of 25 random observations of X.

7.
What is the expected value of T?____70__________________

8.
If we assume the observations are independent, what is the variance of T?_


__25*100=2500_____________-
9.
If we assume simple random sampling from a population of size 90, what is the variance of T?______


______(65/89)*2500=1825.842697__________
NOTE THE FORMAT USED IN THE TI-83/4 CALCULATOR DISTRIBUTION MENU

For a continuous distribution such as normal, t, chi-square, F,  to calculate the probability of finding a value bigger than a but less than b where a < b, the format is  …cdf(a,b,specific parameters of distribution).  For instance, a normal distribution is determined as soon as the mean mu and standard deviation sigma are specified so normalcdf(a,b,mu,sigma) = P(a<X<b) if X is normally distributed with mean mu and standard deviation sigma.  The t-distributions and chi-square distributions are determined by specifying degrees of freedom=df, so if X has the t-distribution for df degrees of freedom, denoted here as t(df), then P(a<X<b)=tcdf(a,b,df), whereas if X has the chi-square distribution for df degrees of freedom, then P(a<X<b)=χ2cdf(a,b,df).  An F-distribution has a df for the numerator and a df for the denominator and the numerator is specified before the denominator.  So if X has the F-distribution for dfn degrees of freedom for the numerator and dfd degrees of freedom for the denominator, then P(a<X<b)=Fcdf(a,b,dfn,dfd).
10.
What is the probability that  -1 < t(11) < 1.5?_____tcdf(-1,1.5,11)=0.7497206434___
11.
If t(n) denotes the t-random variable with n degrees of freedom, what is the probability that t(10) exceeds 3?______.5-P(0<t<3)=0.0066718275_______

12.
If chi(n) denotes the chi-square distribution with n degrees of freedom, what is the expected value of chi(10)?_________10_________________

Remember, if Z is the standard normal, then E(Z^2)=Var(Z)=1, since E(Z)=0.  But, 
chi(n) is the total of an independent random sample of size n for Z^2, so is expected to 
be nE(Z^2)=n.  In fact it is the case that Var(chi(1))=2.

13.
Assuming that the variance of chi(1) is 2,  what is the variance of chi(10)?___20______
14.
What is the expected value of (chi(n))/n?____________1_____________

15.
What is the variance of (chi(n))/n?____________2/n_______________


Notice that (chi(n))/n is the sample mean random variable for sampling chi(1)=Z^2 
with a 
sample of size n.

16.
What is the probability that 5 < chi(7) < 8?__ χ2cdf(5,8,7)=0.3273693263__

17.
If F(m,n) is the F-variable for m-degrees of freedom in the numerator and n-degrees of freedom in the denominator, what is the probability that .5 < F(4,6) < 1.4?_Fcdf(.5,1.4,4,6)=.399483798_

18.
What is the probability that F(4,6) > 3?__1-P(F<3)=1-Fcdf(0,3,4,6)=.11111111______


Keep in mind that chi-square and F cannot be negative whereas t and Z can take any 
value between negative infinity and positive infinity.  Thus, P(X>b)=1-P(X<b) as 
P(X=b)=0 for any continuous random variable,  but if X is chi-square or F, then 
P(X<b)=P(0<X<b), since then X cannot be negative.


PRACTICE TEST 1

Supose that W,  X  and  Y  are variables;  

E(W)= 50, E(X) = 70,   E(Y) = 20,   (X=4,   (Y=10, ρ=.8  
NOTATION:   SD(W)=STANDARD DEVIATION OF W.
1.
E(5W-3Y)=

2.
Var(X)=

3.
Var(X+Y)=
4.
SD(X+Y)=
5.
If W=a+bX is the regression of Y on X, then b=
6.
If W=a+bX is the regression of Y on X, then a=
7.
Using the regression equation, E(Y|X=77)=
8.
The fraction of variation in Y explained by the variation in X through the regression equation in this example is = 




Suppose that the average annual income of citizens of Duckburg is 80 thousand dollars with a standard deviation of 10 thousand dollars.  Also, suppose every citizen of Duckburg actually works for Uncle Scrooge, and in a fit of generosity, he decides to give every citizen a raise of 5 thousand dollars plus 25% of their original salary. 

9.
What is the NEW average salary in Duckburg ? _______________

10.
What is the NEW standard deviation in salary in Duckburg?_______________

Suppose a box contains 5 red blocks and 10 blue blocks.  A lab assistant draws 8 blocks at random one after another WITHOUT REPLACEMENT from the box.   

Give the correct answer below for the probability of each stated event or event with conditions.

11.
The LAST is BLUE___________________.

12.
The FIFTH is BLUE, GIVEN that the SECOND is BLUE and SEVENTH is NOT BLUE

_________________
13.
If the chance of rain (R) or snow (N) tomorrow is 80%, if the chance of rain is 40%, if the chance of both is 20%, then what is the chance of snow tomorrow?

14.
If it rains there is a 20% chance of a tornado.  There is a 60% chance of rain. What is the chance of both?           



15.
A dice is loaded so that when it is tossed an even number is 4 times as likely to come up as an odd number, whereas even numbers are equally likely among themselves and odd numbers are equally likely among themselves.  What is the expected number up when the dice is tossed?

A wildlife biologist is studying the relation between shoulder height (in inches) and weight (in pounds) in the population of adult black bears in a national park.  He has to sedate each bear in order to weigh it, and to eliminate the influence of time of year he must make all the measurements during a single work week.  He manages to capture 3 bears.  The first had a shoulder height of 52 inches and weighed 735 pounds.  The second bear had a shoulder height of 48 inches and weighed 712 pounds.  The third bear had a shoulder height of 54 inches and weighed 730 pounds. 

16.
What is the average shoulder height of the bears in the sample?_________

17.
What is the standard deviation in shoulder height of the bears in the sample?_____





_________________________
18.
What is the average weight of the bears in the sample?___________________

19.
What is the standard deviation in weight of the bears in the sample?________________

20.
What is the sample correlation coefficient for the the correlation between shoulder height and weight for this sample of bears?_______________________
21.
What is the best guess for the weight of a bear who has a 50 inch shoulder height based on this sample data?_________________

22.
What is the square of the sample correlation coefficient?______________________

23.
What is the estimated fraction of variation in weight of bears that is explained by variation in shoulder height?
___________________________

24.
If variables X and Y have correlation coefficient equal to .01 should we pay close attention to the predictions from the regression equation?___________________
25.
Normally there is a 20% chance of a tornado, but there is a 40% chance of a tornado when it is raining.  If the chance of rain is 30% and if we see there is a tornado, then what is the chance it is also raining?

ANSWER:    P(R|T)=P(both)/P(T)=.4*.3/.2=.6.  There is a 60% chance it is raining.
Suppose that X is an unknown number which must be one of the numbers 3,4,5,or,6.  Suppose that P(X=3)=.2, P(X=4)=.5, and P(X=5)=.2.
26.
What is P( 3<X<6)=?________________________________________
27.
What is P(X=6)=?__________________________________________
28.
What is E(X)=?_____________________________________________
29.
What is Var(X)=?____________________________________________
30.
What is SD(X)=σX=?__________________________________________
