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Abstract. This paper studies the p-adic valuation of the sequence {Fn}n≥1

of Fibonacci numbers from the perspective of regular sequences. We establish

that this sequence is p-regular for every prime p and give an upper bound on

the rank for primes such that Wall’s question has a negative answer. We also
point out that for primes p ≡ 1, 4 mod 5 the p-adic valuation of Fn depends

only on the p-adic valuation of n and on the sum modulo p − 1 of the base-p

digits of n — not the digits themselves or their order.

1. Introduction

Consider integers k ≥ 2 and n ≥ 1. The exponent of the highest power of k that
divides n is denoted by νk(n). For example, ν2(144) = 4. If k = p is prime, νp(n)
is called the p-adic valuation of n. Note the unsurprising fact that νk(n) depends
only on the number of trailing zeros in the base-k representation of n; we will see
momentarily a similar property in Fibonacci numbers for certain primes.

Let Fn be the nth Fibonacci number. Let a mod k denote the least nonnegative
integer b such that a ≡ b mod k. For a fixed k ≥ 1, the sequence Fn mod k is
periodic; we denote the “Pisano” period length of this sequence by π(k). Let α(k)
be the smallest value of n ≥ 1 such that k | Fn; this is often called the restricted
period length modulo k. It is well known that α(k) divides π(k) [8, Theorem 3].
Throughout the paper we will also use the following classical result [6, 3], where(
a
b

)
is the Legendre symbol.

Theorem 1.1. Let p be a prime. Then α(p) | p −
(
5
p

)
. Furthermore, if p ≡ 1, 4

mod 5 then π(p) | p− 1, and if p ≡ 2, 3 mod 5 then π(p) | 2(p+ 1).

Lengyel [4] discovered the structure of νp(Fn) for prime p.

Theorem 1.2 (Lengyel). For n ≥ 1,

(1.1) ν2(Fn) =


ν2(n) + 2 if n ≡ 0 mod 6
1 if n ≡ 3 mod 6
0 if n ≡ 1, 2, 4, 5 mod 6,

ν5(Fn) = ν5(n), and for a prime p 6= 2, 5

(1.2) νp(Fn) =

{
νp(n) + νp(Fα(p)) if α(p) | n
0 if α(p) - n.
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Remark. It is known that νp(Fα(p)) = 1 for every prime p < 2 × 1014 [5]. The
statement νp(Fα(p)) = 1 is equivalent to π(p2) 6= π(p), and the question whether
there is some prime for which this does not hold is known as Wall’s question [8],
which remains unresolved. We include it as a hypothesis (for primes p > 2× 1014)
in the first several theorems of the next section.

Our first theorem shows that for primes p ≡ 1, 4 mod 5 the property of being
able to change digits in the base-p representation of n in certain ways without
affecting the p-adic valuation is carried over to νp(Fn) from νp(n). Let sk(n) denote
the sum of the base-k digits of n.

Theorem 1.3. Let p ≡ 1, 4 mod 5 be a prime. Then νp(Fn) depends only on
sp(n) mod α(p) and on the length of the trailing block of zeros in the base-p repre-
sentation of n.

Proof. By Theorem 1.1, p ≡ 1 mod α(p). Therefore n ≡ sp(n) mod α(p), so n is
divisible by α(p) precisely when sp(n) is divisible by α(p), and the statement then
follows from Theorem 1.2. �

Example 1.4. Any two integers with the same number of trailing zeros and the
same digit sum modulo p−1 have corresponding Fibonacci numbers with the same
exponent of p. For example, let p = 11. Writing numbers in base 11 with a
representing the digit 10, νp(F16805000) = 4 = νp(Fa000). In base 10, this reads
ν11(F31411600) = ν11(F13310).

Example 1.5. If there are no zeros in the base-p representation of n, then per-
muting the digits does not affect the p-adic valuation of the corresponding Fi-
bonacci number. Again writing numbers in base p = 11, we have νp(F1289) =
νp(F1298) = νp(F1829) = · · · = νp(F9821) = 1. In base 10, ν11(F1670) = ν11(F1680) =
ν11(F2330) = · · · = ν11(F12970) = 1.

2. p-regularity

In this section we show that for every prime p the sequence {νp(Fn+1)}n≥0

belongs to the class of p-regular sequences introduced by Allouche and Shallit [1].
First we recall the definition of a k-regular sequence.

For k ≥ 2, the k-kernel of a sequence {a(n)}n≥0 is the set of subsequences

(2.1) {{a(ken+ i)}n≥0 : e ≥ 0, 0 ≤ i ≤ ke − 1}.
A sequence is k-regular if the Z-module generated by its k-kernel is finitely gen-
erated. For example, the sequence {νk(n + 1)}n≥0 is k-regular: The Z-module is
generated by {νk(n+ 1)}n≥0 and {νk(k(n+ 1))}n≥0, since we can write each of the
subsequences {νk(kn+ i+ 1)}n≥0 and {νk(k(kn+ i+ 1))}n≥0 for 0 ≤ i ≤ k − 1 as
linear combinations of the two supposed generators as

νk(kn+ i+ 1) =

{
0 if 0 ≤ i ≤ k − 2
νk(k(n+ 1)) if i = k − 1,

(2.2)

νk(k(kn+ i+ 1)) =

{
−νk(n+ 1) + νk(k(n+ 1)) if 0 ≤ i ≤ k − 2
−νk(n+ 1) + 2νk(k(n+ 1)) if i = k − 1.

(2.3)

The rank of a k-regular sequence is the rank of the Z-module generated by its
k-kernel. Thus the rank of {νk(n+ 1)}n≥0 is 2.
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Regular sequences have several nice characterizations, including the following
“matrix ansatz” characterization [1, Lemma 4.1]. Let n = nl · · ·n1n0 be the stan-
dard base-k representation of n. The sequence {a(n)}n≥0 is k-regular if and only if
there exist r × r integer matrices M0,M1, . . . ,Mk−1 and integer vectors λ, κ such
that

(2.4) a(n) = λMn0Mn1 · · ·Mnl
κ

for each n ≥ 0. The matrix Mi contains the coefficients of the linear combinations
of the generators that equal the ith subsequences of the generators. Thus r is the
rank of the sequence. For example, the matrices for the choice of generators made
above for {νk(n+ 1)}n≥0 are

(2.5) M0 = M1 = · · · = Mk−2 =
(

0 0
−1 1

)
and Mk−1 =

(
0 1
−1 2

)
.

The vector λ contains the coefficients of the linear combination of generators that
equals {a(n)}n≥0; since our first generator is the sequence {νk(n+ 1)}n≥0 itself, we
take λ = (1, 0). The vector κ = (νk(1), νk(k)) = (0, 1) records the first term of each
generator. We remark that M0 = M1 = · · · = Mk−2 in this case reflects the fact
mentioned at the beginning of the paper that νk(n) depends only on the number
of trailing zeros in the base-k representation of n, and therefore νk(n+ 1) depends
only on the positions of the digit k − 1.

It does not obviously follow from Theorem 1.2 and the p-regularity of {νp(n +
1)}n≥0 that the sequence {νp(Fn+1)}n≥0 is p-regular. However, we give explicit
generators and relations for the Z-module generated by the p-kernel, establishing
p-regularity and putting an upper bound on the rank of the sequence. The proofs
(once one has guessed the relations) follow fairly mechanically from Theorem 1.2.

For p = 2, the sequences {ν2(Fn+1)}n≥0, {ν2(F2n+1)}n≥0, {ν2(F(2n+1)+1)}n≥0,
{ν2(F4n+1)}n≥0, and {ν2(F(4n+2)+1)}n≥0 generate the Z-module generated by the
2-kernel. One checks that they are linearly independent (for example, by looking
at the first 16 terms of each), so {ν2(Fn+1)}n≥0 has rank 5. The matrices are

M0 =


0 1 0 0 0
0 0 0 1 0
0 3 0 0 0
0 1 0 0 0
0 0 0 0 1

 , M1 =


0 0 1 0 0
0 0 0 0 1
0 0 1 1 0
0 0 0 1 0
0 1 0 0 0


and encode the relations

ν2(F(2n+0)+1) = ν2(F2n+1) ν2(F(2n+1)+1) = ν2(F(2n+1)+1)

ν2(F2(2n+0)+1) = ν2(F4n+1) ν2(F2(2n+1)+1) = ν2(F(4n+2)+1)

ν2(F(2(2n+0)+1)+1) = 3ν2(F2n+1) ν2(F(2(2n+1)+1)+1) = ν2(F4n+1) + ν2(F(2n+1)+1)

ν2(F4(2n+0)+1) = ν2(F2n+1) ν2(F4(2n+1)+1) = ν2(F4n+1)

ν2(F(4(2n+0)+2)+1) = ν2(F(4n+2)+1) ν2(F(4(2n+1)+2)+1) = ν2(F2n+1).

The first few of these are trivial, and the rest follow from applications of Theo-
rem 1.2.

For p = 5, 5-regularity follows immediately from the 5-regularity of {ν5(n +
1)}n≥0. The rank is 2.



4 Luis A. Medina and Eric S. Rowland

To make use of Theorem 1.1, we break the remainder of the primes into equiv-
alence classes modulo 20. First we establish that {νp(Fn)}n≥0 is p-regular under
the condition that Wall’s question has a negative answer — that νp(Fα(p)) = 1 —
and at the end we remove this condition. We start with the case p ≡ 1, 4 mod 5.
Consider the p× p matrices

M0 =



0 1 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
...

...
...

...
...

. . .
...

0 0 0 0 0 · · · 1


, M1 =



0 0 1 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
...

...
...

...
...

. . .
...

0 0 0 0 0 · · · 1
0 1 0 0 0 · · · 0


,

M2 =



0 0 0 1 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
...

...
...

...
...

. . .
...

0 0 0 0 0 · · · 1
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0


, . . . , Mp−2 =



0 0 · · · 0 0 0 1
0 0 · · · 0 0 0 1
0 1 · · · 0 0 0 0
...

...
. . .

...
...

...
...

0 0 · · · 1 0 0 0
0 0 · · · 0 1 0 0
0 0 · · · 0 0 1 0


.

Finally, consider the p× p matrix

Mp−1 =



1 1 0 0 0 · · · 0
0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
0 0 0 0 1 · · · 0
...

...
...

...
...

. . .
...

0 0 0 0 0 · · · 1


and vectors

λ = (1, 0, 0, . . . , 0),

κ = (νp(F1), νp(F1), νp(F2), . . . , νp(Fp−1)).

Theorem 2.1. Let p ≡ 1, 4 mod 5 be a prime such that νp(Fα(p)) = 1, and let
n ≥ 0. Then νp(Fn+1) = λMn0Mn1 · · ·Mnl

κ. In particular, {νp(Fn+1)}n≥0 is a
p-regular sequence of rank at most p.

Proof. We will show that the p sequences {νp(Fn+1)}n≥0 and {νp(Fpn+j+1)}n≥0 for
0 ≤ j ≤ p− 2 generate the Z-module generated by the p-kernel of {νp(Fn+1)}n≥0.
In particular, we show for n ≥ 0 that

(2.6) νp(F(pn+i)+1) =

{
νp(Fpn+i+1) if 0 ≤ i ≤ p− 2
νp(Fn+1) + νp(Fpn+1) if i = p− 1

and that

(2.7) νp(Fp(pn+i)+j+1) = νp(Fpn+(i+j mod (p−1))+1)

for 0 ≤ i ≤ p−1 and 0 ≤ j ≤ p−2. These are the relations encoded by the matrices
Mi, so the theorem will then follow.
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For both equations we will use the fact that since p ≡ 1, 4 mod 5 then α(p)
divides p− 1 by Theorem 1.1.

Equation 2.6 is trivial for 0 ≤ i ≤ p− 2. To establish the case i = p− 1 we use
Theorem 1.2 to obtain

(2.8) νp(Fpn+p) =

{
νp(n+ 1) + 1 + νp(Fα(p)) if α(p) | n+ 1
0 if α(p) - n+ 1,

where we have used α(p) - p since α(p) | p− 1 and α(p) > 1. We also rewrite both
terms in νp(Fn+1) + νp(Fpn+1) according to Theorem 1.2, noting that α(p) | n+ 1
if and only if α(p) | pn+ 1, since n+ 1 and pn+ 1 are congruent modulo p− 1 and
hence modulo α(p). Therefore

(2.9) νp(Fn+1) + νp(Fpn+1) =

{
νp(n+ 1) + 2 νp(Fα(p)) if α(p) | n+ 1
0 if α(p) - n+ 1.

The assumption νp(Fα(p)) = 1 implies νp(F(pn+p−1)+1) = νp(Fn+1) + νp(Fpn+1).
To establish Equation 2.7, we again use Theorem 1.2 to rewrite both sides. Since

1 ≤ j + 1 ≤ p− 1, we have νp(p(pn+ i) + j + 1) = 0, so

(2.10) νp(Fp(pn+i)+j+1) =

{
νp(Fα(p)) if α(p) | p(pn+ i) + j + 1
0 if α(p) - p(pn+ i) + j + 1.

Since 1 ≤ (i+j mod (p−1))+1 ≤ p−1, we have νp(pn+(i+j mod (p−1))+1) = 0,
so
(2.11)

νp(Fpn+(i+j mod (p−1))+1) =

{
νp(Fα(p)) if α(p) | pn+ (i+ j mod (p− 1)) + 1
0 if α(p) - pn+ (i+ j mod (p− 1)) + 1.

Again the two cases on either side of the equation coincide, since p(pn+ i) + j + 1
and pn+(i+j mod (p−1))+1 are congruent modulo p−1 and hence modulo α(p),
so νp(Fp(pn+i)+j+1) = νp(Fpn+(i+j mod (p−1))+1) and the proof is complete. �

Let Mp−1 = {M0,M1, . . . ,Mp−2}. Note that the elements of Mp−1 satisfy Mi ·
Mj = Mi+j mod (p−1), so Mp−1 is isomorphic to Z/(p− 1)Z as a group. Therefore,
each subproduct in νp(Fn+1) = λMn0Mn1 · · ·Mnl

κ consisting of matrices from
Mp−1 depends only on the sum of the indices modulo p − 1, which is a weakened
version of Theorem 1.3. Note that the matrix Mp−1 does not commute with any of
the matrices in Mp−1, which of course is necessary because νp(Fn+1) depends on
the number of trailing p− 1 digits in n.

The upper bound p on the rank in the theorem is not always attained; for p = 29
the rank of {νp(Fn+1)}n≥0 is 15 = α(29) + 1. However, it is attained for some
values of p; for example, the rank is 11 = α(11) + 1 for p = 11.

The proofs of the next two theorems mimic that of the previous theorem, so we
omit the explicit matrices and some detail.

Theorem 2.2. Let p ≡ 13, 17 mod 20 be a prime such that νp(Fα(p)) = 1. Then
{νp(Fn+1)}n≥0 is a p-regular sequence of rank at most p+3

2 .

Proof. We show that the p+3
2 sequences {νp(Fn+1)}n≥0 and {νp(Fpn+j+1)}n≥0 for

0 ≤ j ≤ p−1
2 generate the Z-module generated by the p-kernel of {νp(Fn+1)}n≥0.
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In particular, we show for n ≥ 0 that

(2.12) νp(F(pn+i)+1) =

{
νp(Fpn+(i mod p+1

2 )+1) if 0 ≤ i ≤ p− 2

νp(Fn+1) + νp(Fpn+ p−3
2 +1) if i = p− 1

and that

(2.13) νp(Fp(pn+i)+j+1) = νp(Fpn+(i−j+ p−3
2 mod p+1

2 )+1)

for 0 ≤ i ≤ p− 1 and 0 ≤ j ≤ p−1
2 .

Vinson [7, Theorem 4] showed that if p ≡ 13, 17 mod 20 then 4α(p) = π(p).
This allows us to refine Theorem 1.1 in this case and conclude that α(p) divides
(p+ 1)/2.

Equation 2.12 is trivial for 0 ≤ i ≤ p−1
2 . For p+1

2 ≤ i ≤ p − 2, applying
Theorem 1.2 and using that 1 ≡ −p−1

2 mod α(p) shows that both sides are equal
to {

νp(Fα(p)) if α(p) | pn+ i+ 1
0 if α(p) - pn+ i+ 1.

For the case i = p − 1 we apply Theorem 1.2 to all three valuations and see that
both sides are equal to {

νp(n+ 1) + 2 if α(p) | n+ 1
0 if α(p) - n+ 1

under the assumption that νp(Fα(p)) = 1. We have used that α(p) | n+ 1 precisely
when α(p) | pn+ p−1

2 , since n+ 1 ≡ −
(
pn+ p−1

2

)
mod α(p).

Theorem 1.2 shows that both sides of Equation 2.13 are equal to{
νp(Fα(p)) if α(p) | p(pn+ i) + j + 1
0 if α(p) - p(pn+ i) + j + 1,

since p(pn+ i) + j + 1 ≡ −
(
pn+

(
i− j + p−3

2 mod p+1
2

)
+ 1
)

mod α(p). �

As in Theorem 2.1, the upper bound (p+3)/2 on the rank is not always attained.
For example, for p = 113 the rank of {νp(Fn+1)}n≥0 is 20 = α(113) + 1 and for
p = 233 the rank of {νp(Fn+1)}n≥0 is 14 = α(233) + 1.

The next theorem addresses the remaining classes of primes modulo 20, namely
p ≡ 3, 7 mod 20. However, we state it in the more general case for the residue
classes p ≡ 2, 3 mod 5, noting that Theorem 2.2 provides a better bound for p ≡
13, 17 mod 20.

Theorem 2.3. Let p 6= 2 be a prime such that p ≡ 2, 3 mod 5 and νp(Fα(p)) = 1.
Then {νp(Fn+1)}n≥0 is a p-regular sequence of rank at most p+ 2.

Proof. We show that the p+ 2 sequences {νp(Fn+1)}n≥0, {νp(Fp2n+p+1)}n≥0, and
{νp(Fpn+j+1)}n≥0 for 0 ≤ j ≤ p−1 generate the Z-module generated by the p-kernel
of {νp(Fn+1)}n≥0. In particular, we show for n ≥ 0 that

(2.14) νp(F(pn+i)+1) = νp(Fpn+i+1)
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for 0 ≤ i ≤ p− 1 (which is trivial), that

(2.15) νp(Fp(pn+i)+j+1) =


νp(Fpn+(i−j+p−1)+1) if i ≤ j − 1
−νp(Fn+1) + νp(Fpn+(p−1)+1) if i = j

νp(Fp2n+p+1) if i = j + 1
νp(Fpn+(i−j−2)+1) if i ≥ j + 2

for 0 ≤ i ≤ p− 1 and 0 ≤ j ≤ p− 2 and

(2.16) νp(Fp(pn+i)+(p−1)+1) =

{
2νp(Fpn+i+1) if 0 ≤ i ≤ p− 2
−νp(Fn+1) + 2νp(Fpn+(p−1)+1) if i = p− 1,

and that

(2.17) νp(Fp2(pn+i)+p+1) =

{
νp(Fp2n+p+1) if i = 0
νp(Fpn+(i−1)+1) if 1 ≤ i ≤ p− 1.

Note that α(p) divides p+ 1 by Theorem 1.1.
Theorem 1.2 establishes that for i = j both sides of Equation 2.15 are equal to{

1 if α(p) | n+ 1
0 if α(p) - n+ 1;

for i = j + 1 both sides are equal to{
1 if α(p) | n
0 if α(p) - n;

and for the other two cases both sides are equal to{
1 if α(p) | n− i+ j + 1
0 if α(p) - n− i+ j + 1.

For 0 ≤ i ≤ p− 2, both sides of Equation 2.16 are equal to{
2 if α(p) | n− i− 1
0 if α(p) - n− i− 1

under the assumption that νp(Fα(p)) = 1; for i = p− 1 both sides are equal to{
2 + νp(n+ 1) + νp(Fα(p)) if α(p) | n+ 1
0 if α(p) - n+ 1.

Finally, both sides of Equation 2.17 are equal to{
νp(Fα(p)) if α(p) | n− i
0 if α(p) - n− i.

�

As before, the upper bound p+ 2 on the rank is not always attained for p ≡ 2, 3
mod 5. This is clear in view of the examples following Theorem 2.2. Additionally,
there are examples of primes not congruent to 13 or 17 mod 20. For instance, for
p = 47 the rank of {νp(Fn+1)}n≥0 is 17 = α(47) + 1.

We conclude by showing that {νp(Fn+1)}n≥0 is a p-regular sequence even when
νp(Fα(p)) 6= 1.

Theorem 2.4. Let p be a prime. Then {νp(Fn+1)}n≥0 is a p-regular sequence.
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Proof. We assume p 6= 2, 5 because these cases are established by the comments at
the beginning of the section.

Every periodic sequence is k-automatic for every k ≥ 2 [2, Theorem 5.4.2].
Therefore the sequence whose nth term is

a(n) =

{
1 if α(p) | n+ 1
0 if α(p) - n+ 1

is p-automatic and hence p-regular.
Let

b(n) =

{
νp(n+ 1) + 1 if α(p) | n+ 1
0 if α(p) - n+ 1.

The previous theorems establish (without any condition on νp(Fα(p))) that the
sequence {b(n)}n≥0 is p-regular. Because p-regular sequences are closed under
addition, it follows that {νp(Fn+1)}n≥0 = {b(n) + (νp(Fα(p)) − 1)a(n)}n≥0 is p-
regular. �

Note that if νp(Fα(p)) 6= 1 then the rank of {νp(Fn+1)}n≥0 may be greater than
the rank of {b(n)}n≥0, so the upper bounds proved above for the rank of {b(n)}n≥0

may not apply to {νp(Fn+1)}n≥0. The following conjecture, based on extensive
computer calculations, claims the exact value of the rank when νp(Fα(p)) = 1.

Conjecture. Let p 6= 2, 5 be a prime such that νp(Fα(p)) = 1. Then the rank of
the sequence {νp(Fn+1)}n≥0 is α(p) + 1.
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