MATH 657 STOCHASTIC DIFFERENTIAL EQUATIONS SPRING 2007
Lecture note 12. Diffusion processes and partial differential equations.

Suppose X; is a diffusion process: dX; = b(t, X;) dt+o(t, X¢) dWy. 1t6’s formula gives

u
us for a smooth function u(¢,z) (i.e., a function having continuous partial derivatives 3

ou 0%u

—, =) under some restrictions about certain expectations being finite:
Ox’ Ox?
0 0
du(t, X,) = So(t, X)) dt + 22 (t, X,) - blt, X,) dt
ot ) ox . (12.1)
+ 22, X0) - ot Xo) AW, + = = (8, X,) - o, X,)? dt.

ox 2 Oz
We see that of the summands with dt (of which we take the non-stochastic — the Riemann —
integral) the first is standard, being the same for every diffusion process; but the terms

0%u

including the derivatives 9%’ 92 do depend on the coefficients in the stochastic equation
x’ Ox

satisfied by our process. Let us introduce, for each ¢ (> t3) a second-order differential
operator L; acting on twice differentiable functions of x:

(t,z)

Lif(e) =b(t,2) - /@) + g o) ') = "2 @) 1) @), (122)

where a(t,x) = o(t,z)?. The differential (12.1) can be rewritten in the form

du(t, X;) = [%(t, X) + Lyu(t, X;)] dt + something dW,, (12.3)

where the operator L; is applied to the function wu(t,e), for fixed t, in its & argument
(and the resulting function is taken at the point X3).

It turns out that the function a(t,z) = o(t,2)? is a more essential characteristic of
the diffusion process than o(t,z). How can we see that?

We have spoken of uniqueness of the solution X; of a stochastic equation; but we
haven’t spoken of uniqueness of the equation representing a given diffusion process. Let
us speak about it. Is it possible that a diffusion process X; is a solution of the stochastic
equation (11.5), and at the same time a solution of another stochastic equation:

dX, = b(t, X;) dt + 5(t, X;) dW, (12.4)

with some other coefficients b and & and some other Wiener process W;? Tt turns out
that yes, possible. For example, we can take

W, = =Wy, o(t,z) = —o(t, ), (12.5)
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and if the equation (11.5) holds, so will (12.5). (It is easy to understand that —W}, is also
a Wiener process.) It turns out that also if h(¢,x) is a function taking only values +1, we
can take
t
G(t,z) =h(t,z)- o(t,x), W, = / h(s, Xs) dWs, (12.6)

to

W, will be another Wiener process (I don’t prove it: it wasn’t in the original papers
by It6 and Gikhman, but can be found in the book Stochastic Processes by J.L.Doob).
The coefficient b(¢,z) remains the same for all representations of a diffusion process by
means of a stochastic equation, and so does the coefficient a(t,z) = o(t,2z)? (in contrast
with o(t,x)), so these coefficients should characterise a diffusion process rather than b
and o.

We introduce the names for the coefficients a, b: the coefficient b(¢, x) is called the drift
coefficient (or just the drift), and a(t,x) the diffusion coefficient. The diffusion coefficient
is always nonnegative; the drift can have any sign it wishes.

There are other names for the coefficients b(t,z) and a(t,z): the local mean and the
local variance. Let me explain what these names mean.

It turns out, under the restriction of a(t,z) and b(¢,z) being continuous, plus some
mild supplementary restrictions, that for any t¢ and x(, for a diffusion process X; starting
at time ty at the point xg

E(Xt) = X9 —er(t(), (130) . (t—to) —}—O(t—to), Var(Xt) = a(to, {L'()) . (t—to) +O(t—t0> (12.7)
as t — tJ (I hope that you know the notation o( ) for a function that is infinitely small

compared to the expression inside the parentheses).
Indeed, because

t t
X; = xp +/ b(s, Xs) ds —l—/ o(s, Xs) dWs, (12.8)
to to
we have:
t
E(X:) = xo —l—/ E(b(s, Xs)) ds (12.9)
to

(the expectation of the stochastic integral is equal to 0). As t — tg, the variable s,
being between ty and ¢, also goes to ty. Because the trajectory X is continuous, and
the function b(s,z) is continuous in the pair (s,z), we have almost surely: b(s, X5) —
b(to, Xt,) = b(to,zo). From this, the first equality in (12.7) follows (under some mild
restrictions allowing us to use either mean-square convergence of b(s, Xs) to b(tg,xq), or
Theorem 2.2).

As for (12.8), let us apply formula (12.1) to the function u(t,z) = (x — )

d(X;—z0)* = [b(t,Xt)-2(Xt—x0)+%a(t,Xt)2~2] dt+o(t, Xy)-2(X; —x0) dW;. (12.10)



This means that

(X; —20)% = (Xo — 20)? +/ [b(s, X,) - 2(Xs — o) + 0(s, X,)?] ds

to

: (12.11)
-l-/ o(s,Xs) 2(Xs — xo) dW.
to
Here X, — x¢9 = 0, 02 = a. Taking the expectation, we get:
t
E((X¢ —20)%) = / E(2b(s, Xs) - (X5 — 0) + a(s, X)) ds. (12.12)
to

As t, and with it, s — tJ, we have 2b(s, X;) - (Xs — z0) — 0, a(s, X,) — a(to,x0),
E(2b(s, Xs) - (X5 — m0) + a(s, X)) — a(to, zo), and we get that

E((Xt — $0>2) = a(to, xo) : (t - t()) + O(t - t()). (1213)
This is not our statement about the variance yet; but

Var(X;) = Var(X, — z0) = E((X; — 0)?) — (E(X; — 0))*
= al(to, o) - (t — to) + o(t — to) — O((t — t9)?) (12.14)
= a(to,!ﬂo) . (t — to) + O(t — to).

So the coefficients b(to, z¢), a(to, o) are determined uniquely by the diffusion process
at the point (tg,xp): at an arbitrary point (¢,z) if we can consider this diffusion process
starting at an arbitrary time from an arbitrary point.

And o(t,x), let me repeat it once more, is not determined uniquely by the diffusion
process.

Now let us go to partial differential equations.
The differential equality (12.3) means that for ¢ > ¢y, the initial value X, being a
non-random point zg € R,

b ou " ou
u(t, X¢) — u(to, zo) :/t [E(S,XS) + Lu(s, X,)] ds —1—/t %(S,XS) co(s, Xs) dWs,
’ ’ (12.15)
provided
K ou 2
/ E([5(s,Xs) 0(s,Xs)]7) ds < (12.16)
t ox

(see Theorem 10.1). Let us take ¢ = T > t(, denote the variable of integration with ¢
instead of s (not that this will make any difference), and take the expectation of both sides
of (12.15). We know that the expectation of a stochastic integral is always equal to 0, so
we have:

T ou

E(u(T, X)) = ulto, 50) + E(/t [5; (6 X0) + Lou(t, X)) dt) (12.17)



(if the expectation E(u(T, X7)) exists). If we have

du

5 (t,z) + Lyu(t,z) = g(t, z), (12.18)

we can rewrite (12.17) as

u(to, z0) = E(u(T, Xr) — /Tg(t, X)) dt). (12.19)

to

The equation (12.18) is a partial differential equation; and the equality (12.19) estab-
lishes a link between diffusion processes and partial differential equations. This equality
can be used in two opposite directions: on one hand, we can use what is known about par-
tial differential equations to study diffusion processes; on the other, we can go from what
we know about diffusion processes to get some new information about solutions of PDEs.
For example, if we are able to simulate a diffusion process on a computer, we can find the
solution of the equation at the point (¢g,z() as the expectation of a certain functional of
our diffusion process (of the functional within the large parentheses in (12.19)): to get an
approximate value of the expectation, we repeat our simulation independently very many
times, and take the arithmetic mean of the values obtained.

An important class of partial differential equations is that of parabolic equations. These
are equations for functions of two or more variables, one of which is interpreted as time (and
denoted usually with t); the left-hand side of such an equation is the time derivative of the
unknown function, and in the right-hand side stand a second-order differential operator
applied in the rest of the variables, plus some known function:

ou
E(t,x) = Lyu(t,o)(z) + f(t,x) (12.20)
(I am describing, and we will be using, only linear parabolic equations). The operators L;
for every t are supposed to satisfy some conditions.
Let us restrict ourselves to the case of the “space” variable x being one-dimensional.
A linear second-order operator has the form:

a(t,x)

Lif(z) = )

(@) + B(t,z) f'(z) +(t 2) f (). (12.21)

The great controversy between specialists in stochastic processes and those in differential equations
is whether to write the coefficient by the highest (second) derivative with a factor 1 / 2, or without. You
can see that I fancy this 1 / 2 (we saw that it appears quite naturally in our formulas), and you can guess
that the specialists in differential equations don’t use this factor. Another controversy is whether to write
the independent variables in order (¢, ), or (x,t). But this does not preclude mutual understanding and
cooperation.

An equation of the form (12.20) is called a parabolic equation if the coefficient «a(t, x)
by the highest (second) derivative is either everywhere positive, or everywhere negative.
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Our equation (12.18) can be written as

ou a(t,z) 0%u ou
—(t = — —(t — b(t —(2 t 12.22
with @« = —a, 8 = —b, v =0, f = g, and it is a parabolic equation (with an everywhere

negative «) if a(t,z) is everywhere positive (this means that o(t,x) # 0). But a(t, )
is always nonnegative; if it is equal to 0 at some points, we can call such an equation
degenerate parabolic.

The most popular example of a parabolic equation is the heat equation:

0 1 02
S (12.23)
ot 2 0x?
Here the coefficient a = 1 is everywhere positive. This equation describes heat transfer in
a uniform unbounded one-dimensional medium (a rod going from —oo to 00).

We are accustomed to considering for ordinary differential equations initial-value prob-
lems. (For stochastic differential equations we also considered initial-value problems, pre-
scribing the value of the unknown stochastic process X; at a time point tg; but in contrast
with the situation of ordinary differential equations, we cannot solve the equation “back-
wards”: only from the initial point ¢y to values of ¢ > tg).

The solution of a parabolic equation (12.21) is, of course, not unique, just as solutions
of ordinary or stochastic differential equations without any initial conditions prescribed. So
what problems can be solved for parabolic equations? Can we prescribe initial conditions
at some t = tg?

It turns out that for equations (12.21) with «(t,z) > 0 one can consider an initial-
value problem:

U a(t,z) 0%u U
Tty = D T80y 4 B0 0) Tot0) + (6 D)) + S0 1999
u(t07 ZE) = QD(ZIZ'), T e Ra

the solution being sought for t > t,.

In contrast with this, if «(t,z) < 0, a solution that we are looking for is defined for
the times ¢ that are smaller than the time at which the value of the unknown function
is given. We could call it, instead of initial, a final condition. Let us write a final-value
problem with the final value prescribed at the time point 7

ou
5 (12) = Loult,w) + f(t,2), (12.25)
u(T,z) = ¢(x).

Problems (12.24), (12.25) are called Cauchy problems for parabolic equations.
In particular, a Cauchy problem of the type of (12.25) should be set for the equa-
tion (12.18):
ou
ot
U(T, I) = (p(x), z € R;

= —Lu(t t t<T R
tu(,x)—f—g(,x), = 7'7:6 9 (1226)
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and (12.19) provides a formula for the value of the solution of this problem at a point
(to,.fCo), to S T:

T
u(to, zg) = E(go(XT) —/ g(t, Xz) dt), (12.27)
to
where X; is the diffusion process governed by the stochastic equation dX; = b(t, X;) dt +
o(t, Xy) dWy, starting at time ¢ at the point zg.
For the heat equation (12.23), we should solve the Cauchy problem:

ou b o) 1 0%u y b4
E( 7'/B) - E W{ ,I), Zlp, TE (_OO’OO)’ (1228)

u(to, x) = ¢(x), x € (—00,00).

Of course, equations with «(¢,x) being positive can be made into one with the corre-
sponding coefficient negative (and the opposite can be done) by simple time substitution:
taking — ¢, or C —t instead of t. The sign of the time derivative changes to the op-
posite, the “space” derivatives remain as they were, an initial-value problem turns into a
final-value one, and vice versa.

Other problems also are considered for parabolic differential equations: boundary
problems, initial-boundary-value problems, etc.; but the Cauchy problem is enough for us
right now.

More on parabolic equations and diffusion processes in the next lecture note.



