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Lecture note 36. The strong Markov property, continued.

Microtheorem 35.1. Let Xt be a time-homogeneous Markov process; let τ be a
stopping time (with respect to Xt, of course) taking countably many values t1 < t2 < ...
< tk < ..., and possibly the value ∞.

Then almost surely (35.13) holds.
Proof. We have:

P{Xτ+h ∈ C‖Xu, u ≤ τ} =
∑

i

P{τ = ti, Xτ+h ∈ C‖Xu, u ≤ τ}

=
∑

i

P{τ = ti, Xti+h ∈ C‖Xu, u ≤ ti}

=
∑

i

E
(
I{τ=ti} · IC(Xti+h)‖Xu, u ≤ ti

)
.

(36.1)

The equality P{τ = ti, Xτ+h ∈ C‖Xu, u ≤ τ} = P{τ = ti, Xti+h ∈ C‖Xu, u ≤ ti},
or P{τ = ti, Xτ+h ∈ C‖Xu, u ≤ τ} = E

(
I{τ=ti} · IC(Xti+h)‖Xu, u ≤ ti

)
, needs some

justification, because the conditioning collection of random variables Xu, u ≤ τ , is changed
for Xu, u ≤ ti (you should learn to distinguish between things that are so obvious that
their justification is very easy, and those whose justification deserves some thought). The
justification in question is obtained using the definition: what we have to check is that for
every event B whose occurrence or non-occurrence can be determined if we know (have
observed) Xu, u ≤ τ ,

P (B ∩ {τ = ti, Xτ+h ∈ C}) = E
(
IB · E

(
I{τ=ti} · IC(Xτ+h)‖Xu, u ≤ ti

))
. (36.2)

What is an arbitrary event B “whose occurrence or non-occurrence can be determined if
we know (have observed) Xu, u ≤ τ”? It is an event of the form

B =
{
ω :

(
Xu, u ≤ τ(ω)

) ∈ D
}
, (36.3)

where D is some set in the space of functions (the letter C is busy, denoting a subset of the
space SP). But in contrast to the conditioning collection of random variables Xu, u ≤ t,
D is not a subset of the space of functions on a fixed interval {u : u ≤ t}, but it contains
functions with different intervals of definition. We can write:

B =
⋃

t∈T∪{∞}
Bt, (36.4)

where Bt = {ω : (Xu, u ≤ t) ∈ Dt}, Dt being a subset in the space of functions xu defined
for u ≤ t (for t = ∞, in the space of functions defined for u belonging to the whole T ). In
the case of a general stopping time τ , taking uncountably many values, the fact that the
union (36.4) is uncountable, while the probability measure has only a countable additivity,
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may lead to some unpleasantness, whose example we have seen above; but in proving the
equality (36.2) (to which we came after using countable additivity) the fact that the union
(36.4) may be uncountable is of no importance. We have:

P (B ∩ {τ = ti, Xτ+h ∈ C}) = P (Bti
∩ {τ = ti, Xτ+h ∈ C})

= P{(Xu, u ≤ ti) ∈ Dti
, τ = ti, Xτ+h ∈ C}

= P{(Xu, u ≤ ti) ∈ Dti
, τ = ti, Xti+h ∈ C}.

(36.5)

The event {τ = ti} is determined by observing Xu, u ≤ ti. This is because

{τ = t1} = {τ ≤ t1}, {τ = ti} = {τ ≤ ti} \ {τ ≤ ti−1} for i > 1, (36.6)

and τ is a stopping time. So the first two events in (36.5) are determined by the process
Xu observed for u ≤ ti, and by the definition of the conditional probability we can write:

P (B ∩ {τ = ti, Xτ+h ∈ C}) = E
(
IDti

(Xu, u ≤ ti) · I{τ=ti} · P{Xti+h ∈ C‖Xu, u ≤ ti}
)

= E
(
IDti

(Xu, u ≤ ti) · I{τ=ti} · µh, Xti
(C)

)

= E
(
IBti

· I{τ=ti} · µh, Xti
(C)

)

= E
(
IB · I{τ=ti} · µh, Xti

(C)
)
.

(36.7)
So we have:

P{τ = ti, Xτ+h ∈ C‖Xu, u ≤ τ} = I{τ=ti} · µh, Xti
(C) = I{τ=ti} · µh, Xτ (C). (36.8)

Taking the sum over all i, we get:

P{Xτ+h ∈ C‖Xu, u ≤ τ} =
∑

i

I{τ=ti} · µh, Xτ (C) = Iτ<∞ · µh, Xτ (C), (36.9)

which is exactly formula (35.13).

Now let us have more theory of Markov processes. William Feller, who lived in the
nineteen-thirties in Austria, and worked in the field of partial differential equations, worked
after the war in the field of Markov processes and diffusion processes; and he introduced a
requirement that is natural sometimes to impose on Markov processes. This requirement
is now called the Feller property. We say that a (time-homogeneous) Markov process has
the Feller property if for every t ≥ 0 for every bounded continuous function f(x), x ∈ SP,
the function

E
(
f(Xx

t )
)
, x ∈ SP, (36.10)

is continuous (as for its being bounded, it is automatical: clearly, supx

∣∣E(
f(Xx

t )
)∣∣ ≤

supx |f(x)|).
We can rewrite this as: for every x0 ∈ SP

lim
x→x0

E
(
f(Xx

t )
)

= E
(
f(Xx0

t )
)
. (36.11)
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A definition from the theory of probability (having nothing to do with stochastic
processes): If Yα is a family of random variables depending on a parameter α, and Z
another random variable, we say that the family of distributions µYα

of these random
variables converges weakly to the distribution µZ of the random variable Z as α → α0

(notation: µYα
→w µZ as α → α0) if for every bounded continuous function f(x)

lim
α→α0

E
(
f(Yα)

)
= E

(
f(Z)

)
. (36.12)

This definition is applied not only to random variables taking values in the real line R,
but also to those (“generalized random variables”) taking values in another space SP (and
the function f(x) is supposed to be defined for x ∈ SP), if only speaking of continuous
functions on the space SP makes sense.

Formula (36.11) can be rewritten in terms of weak convergence as

µXx
t
→w µX

x0
t

(x → x0) : (36.13)

the Feller property means that the distribution of the random variable Xx
t depends on the

initial (starting) point x in a weakly continuous way.
Quite a natural requirement; which does not mean that it is satisfied for every Markov

process. For example, it is not satisfied for the Markov process of Example 35.1: the
distribution of Xx

t for x 6= 0 is the normal distribution with parameters (x, t); its weak limit
as x → 0 is the normal distribution with parameters (0, t), while the distribution of the
random variable X0

t is the distribution concentrated at 0: µX0
t
(C) = µt, 0(C) = IC(0) = 1

or 0 according to whether C 3 0 or not.
Theorem 36.1. Let Xt be a time-homogeneous Markov process on a space SP. If this

process has the Feller property, and if its trajectories Xt(ω) are right-continuous, then it
is a strong Markov process (i. e., (35.13) – or, which is the same, (35.14) – is satisfied for
every stopping time τ).

Proof. We are going to prove that the equality (35.14) is satisfied. But let us
introduce some notation that will allow us to write this formula in a less clumsy way.

For a bounded function f(x), x ∈ SP, let us denote

gh(x) = E
(
f(Xx

h)
)
. (36.14)

Then formula (35.14) can be rewritten as

E
(
f(Xτ+h)‖Xu, u ≤ τ

)
=

{
gh(Xτ ), τ < ∞,

0, τ = ∞.
(36.15)

It is enough to prove that (36.15) is satisfied for every bounded continuous function f(x).
Now to the proof.
For every δ > 0, let us define a new random variable τδ by

τδ = kδ for (k − 1)δ < τ ≤ kδ, τδ = ∞ if τ = ∞. (36.16)
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This is again a stopping time, and one taking only values 0, δ, 2δ, 3δ, ..., and possibly ∞.
Apply to it Microtheorem 35.1: for every bounded continuous function f(x), x ∈ SP,

E
(
f(Xτδ+h)‖Xu, 0 ≤ u ≤ τδ

)
=

{
gh(Xτδ

), τ < ∞,

0, τ = ∞ (36.17)

(of course, τδ < ∞ if and only if τ < ∞). Now let us take δ → 0+. We have: τδ → τ ,
remaining ≥ τ , and because of the right continuity of the trajectories we have Xτδ

→ Xτ ,
Xτδ+h → Xτ+h (for all ω ∈ Ω). According to the Feller property, gh(x) is a continuous
function. The right-hand side of (36.17) is equal to gh(Xτδ

), and it does converge to
gh(Xτ ) as δ → 0+. The random variables f(Xτδ+h) are all dominated by the constant
supx |f(x)|, and it would seem that we can conclude that we can perform the limit passage
in the left-hand side of (36.17), getting the conditional expectation of the random variable
f(Xτ ) and the equality (36.15).

However this is not as simple as that: we have the Dominated-Convergence Theorem
(Theorem 2.2) only for unconditional expectations; and in addition, the conditioning set
of random variables is different in (36.17) and in (36.15): in one case it is Xu, u ≤ τδ, in
the other, Xu, u ≤ τ . So we have to go to the definitions.

Equality (36.15) would mean that for every event B whose occurrence/non-occurrence
is determined by observing the values of Xu, u ≤ τ ,

E
(
IB · f(Xτ+h)

)
= E

(
IB · gh(Xτ )

)
. (36.18)

The occurrence/non-occurrence of the event B is determined by observing Xu, u ≤ τ ; of
course, it is also determined by observing a greater collection of random variables, namely,
Xu, u ≤ τδ (we have τδ ≥ τ). So from (36.17) we get:

E
(
IB · f(Xτδ+h)

)
= E

(
IB · gh(Xτδ

)
)
. (36.19)

We have already seen that the limit of the right-hand side here is equal to the same in
(36.18); and the dominated-convergence theorem (which we can apply now that it is about
unconditional expectations) yields limδ→0+ E

(
IB ·f(Xτδ+h)

)
= E

(
IB ·f(Xτ+h)

)
, and the

equality (36.15).
The theorem is proved.
In particular, the Wiener process, one-dimensional and multidimensional, is a strong

Markov process. Also diffusion processes with coefficients satisfying a Lipschitz condition
are strong Markov (proving uniqueness of the solution of a stochastic integral equation,
we also proved the mean-square continuous dependence of the solution on the initial con-
dition).
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